On orthogonal properties of immediate extensions of c0  by Kubzdela, Albert
Indagationes Mathematicae 21 (2011) 76–86
www.elsevier.com/locate/indag
On orthogonal properties of immediate extensions of c0
Albert Kubzdela
Institute of Civil Engineering, Poznan´ University of Technology, Ul. Piotrowo 5, 61-138 Poznan´, Poland
Received 1 October 2010; accepted 15 January 2011
Communicated by Prof. J. Top
Abstract
Let K be a non-spherically complete non-Archimedean valued field. We prove that there exist normed
spaces over K for which every finite-dimensional linear subspace has an orthogonal base and which possess
one-dimensional linear subspaces without orthogonal complements.
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1. Introduction
A non-Archimedean valued field is a field K equipped with a valuation |.| : K → [0,∞) such
that |λ| = 0 if and only if λ = 0, |λµ| = |λ| · |µ| and |λ+ µ| ≤ max{|λ|, |µ|} for all λ,µ ∈ K .
A well-known example of a non-Archimedean valued field is the p-adic number field Q p (see
Chapter 1 of [8] for more details).
We say that K is densely valued if |K ∗| := {|λ| : λ ∈ K , λ ≠ 0}, the value group of K ,
is a dense subset of (0,∞). A normed space E over K is called non-Archimedean if the norm
defined on E satisfies the strong triangle inequality: ‖x + y‖ ≤ max{‖x‖, ‖y‖} for all x, y ∈ E .
Throughout this paper K denotes a non-Archimedean, densely valued field which is complete
with respect to the metric induced by the non-trivial valuation and E denotes a non-Archimedean
normed space over K .
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Nonzero elements x, y ∈ E are called orthogonal if dist(x, [y]) = ‖x‖, where dist(x, D) :=
infd∈D ‖x − d‖(D ⊂ E); then we write x ⊥ y. We say that a set {xi }i∈I of nonzero elements
of E , where I is an index set, is orthogonal if ‖∑ j∈J λ j x j‖ = max j∈J {‖λ j x j‖} for all finite
J ⊂ I and all {λ j } j∈J ⊂ K .
Additionally, if [{xi }i∈I ] = E , we say that {xi }i∈I is an orthogonal base of E ; then for every
x ∈ E there is a unique (λi )i∈I ∈ K I such that x =∑i∈I λi xi .
Let E1, E2 be linear subspaces of E . We say that E1 is orthogonal to E2 if ‖x + y‖ =
max{‖x‖, ‖y‖} for all x ∈ E1 and y ∈ E2. In this case we write E1 ⊥ E2. If, in
addition, E1 + E2 = E , we say that E1 is an orthogonal complement of E2 and that E1 is
orthocomplemented in E . For x ∈ E \ E1, we say that x is orthogonal to E1 if [x] ⊥ E1.
Recall that B(x, r) := {y ∈ E : ‖x − y‖ ≤ r}(r > 0, x ∈ E) is called a closed ball and that a
sequence (B(xn, rn))n∈N is called centered if B(xn+1, rn+1) ⊂ B(xn, rn) for all n ∈ N .
E is spherically complete if every centered sequence of closed balls in E has a nonempty
intersection.
A Banach space E is called a spherical completion of E if E is spherically complete and
there exists a linear isometry T : E → E such that E has no spherically complete proper linear
subspace containing T (E). By Theorem 4.43 of [8], every non-Archimedean normed space has
a spherical completion and any two spherical completions of a normed space are isometrically
isomorphic.
If E0 is an overspace of E , i.e. E0 is a normed space containing E as a linear subspace,
then we say that E0 is an immediate extension of E if there is no nonzero element in E0 that is
orthogonal to E . Then, for every x ∈ E0 \E, dist(x, E) < ‖x− z‖ for all z ∈ E (see Proposition
2.4 of [3]).
If X is a maximal orthogonal set in E (note that by Theorem 5.2 of [8] all maximal orthogonal
sets in E have the same cardinality), then E is an immediate extension of [X ].
Let E0 be an overspace of E . By Zorn’s lemma, among all linear subspaces of E0 that are
immediate extensions of E directed by inclusion, there is a maximal one (not unique).
If E0 is spherically complete, then a maximal immediate extension of E contained in E0 is
also spherically complete and it is a spherical completion of E (see Theorem 4.43 of [8]).
We say that E is Cartesian if every finite-dimensional linear subspace of E has an orthogonal
base; E is Hilbertian if every one-dimensional linear subspace of E has an orthogonal
complement.
Cartesian spaces were studied in [1], Chapter 2. Hilbertian spaces were developed by several
authors; see for instance [3,6,7], Chapters 4 and 5 of [8].
Note that if E is Hilbertian and ‖E‖ ⊂ |K |1/2 then E admits an inner product that induces
the norm on E (see Theorem 4.1 of [5]).
Now, consider the following properties:
1. E has an orthogonal base;
2. E is Hilbertian;
3. E is Cartesian.
In general, 1. H⇒ 2. (see Proposition 3.5 of [6]) and 2. H⇒ 3. (see Theorem 3.1 and
Proposition 3.5 of [6]).
If K is spherically complete, all normed spaces over K are Hilbertian (Lemma 4.35 of [8]),
and thus Cartesian, but normed spaces without orthogonal bases exist, for instance l∞. However,
among normed spaces over non-spherically complete K there are many examples of normed
spaces which are not Hilbertian and Cartesian.
78 A. Kubzdela / Indagationes Mathematicae 21 (2011) 76–86
In 2008 Kubzdela proved, demonstrating that all immediate extensions of c0 (in particular
extensions without orthogonal bases) contained in l∞ are Hilbertian (see Corollary 3.8 of [3]),
that the implication 2. H⇒ 1. does not work in this case. Earlier, in 1991, van Rooij and Schikhof
noted that a maximal Cartesian subspace of c0 containing c0 has no orthogonal base, showing
that 3. H⇒ 1. is not true if K is non-spherically complete. But the question about 3. H⇒ 2.,
formulated as an open problem by van Rooij and Schikhof in 1991 (see Problem 4 of [9]), has so
far been unsolved.
In this paper, continuing the study of [3], we prove some further properties of immediate
extensions of c0; in particular we show under what conditions such extensions are Hilbertian or
Cartesian. Finally, we prove that there exist immediate extensions of c0 which are Cartesian but
not Hilbertian.
For more background on normed spaces over valued fields and more details we refer the reader
to [1,8].
2. Results
At the beginning, we recall some properties of immediate extensions, helpful in the sequel.
Proposition 1. Let E1, E2 be closed linear subspaces of E such that E1 ⊂ E2.
1. If E is an immediate extension of E2 and E2 is an immediate extension of E1 then E is an
immediate extension of E1.
2. If E is an immediate extension of E1 then E is an immediate extension of E2.
Proof. See Proposition 2.1 of [3]. 
Elements of an immediate extension of c0 can be characterized as follows.
Proposition 2. Suppose that x = (x1, x2, . . .) ∈ l∞ and that m ∈ N. Define
Mm(x) := {n ∈ N : n > m and |xn| = sup
k>m
|xk |}.
If x ∈ E0, where E0 is an immediate extension of c0 contained in l∞, then Mm(x) is nonempty
and finite for every m ∈ N. Additionally, if x ∉ c0, defining yn = ∑ni=1 xi ei , we get dist(x, c0)= limn→∞ ‖x − yn‖.
Proof. See Proposition 2.8 of [3]. 
The next result extends Proposition 2.10 of [3].
Proposition 3. Let (pn)n∈N be a sequence of nonnegative reals such that
Mm := {n ∈ N : n > m and pn = sup
k>m
pk}
is nonempty and finite for every m ∈ N.
Suppose that x = (x1, x2, x3, . . .) ∈ l∞ and M0 = {n ∈ N : |xn| > dist(x, c0)}. If
|xn| = pn for every n ∈ N, then c0 + [x] is an immediate extension of c0. If E is a maximal
immediate extension of c0 contained in l∞, then there exists z = (z1, z2, . . .) ∈ E such that
|zn| = |xn| = pn for all n ∈ M0 and |xn − zn| ≤ dist(x, c0).
Proof. If x ∈ c0, the conclusion is trivial. Assume that x ∈ l∞ \ c0. First, we prove that c0 + [x]
is an immediate extension of c0. To do this, assume the contrary and suppose that there exists
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y = (y1, y2, . . .) ∈ c0 such that ‖x − y‖ = dist(x, c0). Clearly, N0 = {n ∈ N : |yn| ≥ ‖x − y‖}
is finite. Suppose that n0 = max{n ∈ N0}. Without loss of generality we can assume that
y ∈ [e1, . . . , en0 ]. Note that N0 and Mn0 are disjoint, and Mn0 is finite by assumption. Define
z = (z1, z2, . . .) ∈ c0, where zi = xi − yi if i ∈ [1, . . . , n0], zi = xi if i ∈ Mn0 and zi = 0
otherwise. We obtain
‖x − y − z‖ = sup
i∈N
|xi − yi − zi |
= max

max
i∈[1,...,n0]
|xi − yi − zi |, max
i∈Mn0
|xi − yi − zi |, sup
i∈N\([1,...,n0]∪Mn0 )
|xi − yi − zi |

= sup
i∈N\([1,...,n0]∪Mn0 )
|xi | < ‖x − y‖,
a contradiction with ‖x − y‖ = dist(x, c0).
Assume now that x ∉ E . By maximality of E, E+[x] is not an immediate extension of c0. By
Proposition 1, E+[x] is not an immediate extension of E ; thus, there exists z = (z1, z2, . . .) ∈ E
such that dist(x, E) = ‖x − z‖. Clearly, dist(x, E) ≤ dist(x, c0). We obtain
‖x − z‖ = sup
n∈N
|xn − zn| ≤ dist(x, c0);
hence, |zn| = |xn| = pn for all n ∈ M0. 
From now on in this paper we assume that K is non-spherically complete. We will considerK , a spherical completion of K (which is a spherically complete valued field with valuation
extended from the valuation defined on K ; see Theorem 4.49 of [8]), as a normed space over
K with the norm given by the valuation of K . For convenience, we will denote [1], the one-
dimensional linear subspace of K generated by the element 1, by K and elements of [1] by λ
instead of λ · 1(λ ∈ K ). Consequently, if x ∈ K we define dist(x, K ) := dist(x, [1]).
Remark 4. K is an immediate extension of K . For every x ∈ K \ K , dist(x, K ) is not attained,
i.e. dist(x, K ) < |x − λ| for all λ ∈ K . Every linear subspace of K has no orthogonal basis;
hence K is not Cartesian.
Proposition 5. Let D be a linear subspace of E. If E is spherically complete, then E contains
a spherical completion of D.
Proof. This follows directly from Lemma 4.42 of [8]. 
Denote by l∞K the normed space over K of bounded maps N → K under the sup-norm ||.||∞.
l∞K is spherically complete (see 4.A of [8]); hence, by Proposition 5 it contains c0, a spherical
completion of c0. Define c0K := {a = (a1, a2, . . .) ∈ l∞K : limn→∞ an = 0}. Since c0K ⊂ l∞K ,
applying Proposition 5 again, l∞K contains a spherical completion of c0K (note that by 4.B of [8],
c0K is not spherically complete). With this notation we have the following.
Proposition 6. c0K is an immediate extension of c0. A linear subspace G of l∞K is an immediate
extension of c0K if and only if G is an immediate extension of c0 and c0K ⊂ G.
Proof. Take x = (x1, x2, . . .) ∈ c0K \ c0; then
dist(x, c0) = max
n∈N dist(xn, K ) > 0.
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Suppose that M0 = {n ∈ N : dist(xn, K ) = dist(x, c0)}. Clearly, M0 is nonempty and finite.
Take n ∈ M0. Since xn ∈ K \K , applying Remark 4, dist(xn, K ) is not attained; hence, c0K is an
immediate extension of c0. Using Proposition 1, since c0 ⊂ c0K ⊂ G, we finish the proof. 
Corollary 7. Suppose that x = (x1, x2, . . .) ∈ l∞K . If [x]+ c0K is an immediate extension of c0K
then [x] + c0 is an immediate extension of c0.
Proof. Since c0 ⊂ c0K ⊂ [x] + c0K , it follows readily from Propositions 1 and 6 that[x] + c0K is an immediate extension of c0; thus, [x] + c0 is an immediate extension of c0 since[x] + c0 ⊂ [x] + c0K . 
Next, we show that the converse of Corollary 7 is not true.
Example 8. Take a ∈ K (a ≠ 0) and take a0 ∈ K \ K such that dist(a0, K ) > |a|. Definea = (a0, a, a, a, . . .) ∈ l∞K ; then dist(a, c0) = dist(a0, K ) is not attained and, hence, [a] + c0
is an immediate extension of c0. But [a] + c0K is not an immediate extension of c0K since
dist(a, c0K ) = ‖a − (a0, 0, 0, 0, . . .)‖ = |a|.
Proposition 9. Let x = (x1, x2, . . .) ∈ l∞K \ l∞ be such that [x] + c0 is an immediate extension
of c0. Assume that
sup
n∈N
dist(xn, K ) ≥ dist(x, c0) (1)
and there exists n0 ∈ N such that
sup
n∈N
dist(xn, K ) = dist(xn0 , K ). (2)
If E is a maximal immediate extension of c0 contained in l∞, then
• [x] + E is an immediate extension of E;
• [x] + E is an immediate extension of c0.
Proof. Assume the contrary and suppose that there exists u ∈ E which satisfies dist(x, E) =
‖x − u‖. Since un0 ∈ K , using Remark 4, (1) and (2) we obtain
dist(x, E) = ‖x − u‖ ≥ |xn0 − un0 | > dist(xn0 , K )
≥ dist(x, c0) ≥ dist(x, E),
a contradiction. Hence, [x] + E is an immediate extension of E . Applying Proposition 1, we
conclude that [x] + E is an immediate extension of c0. 
Note that the condition (2) is crucial for the proof of Proposition 9, as the following example
shows.
Example 10. Take b = (b1, b2, . . .) ∈ l∞K \ l∞ such that for every n ∈ N
|bn| > |bn+1|, dist(bn, K ) < dist(bn+1, K )
and
lim
n→∞ dist(bn, K ) = r1 > 0, limn→∞ |bn| = r0 > r1.
For every n ∈ N choose cn ∈ K satisfying
dist(bn, K ) < |bn − cn| < dist(bn+1, K ).
A. Kubzdela / Indagationes Mathematicae 21 (2011) 76–86 81
Then, |cn| = |bn| and |cn − bn| < |cn+1 − bn+1| for all n ∈ N . Define c = (c1, c2, . . .) ∈ l∞.
By Proposition 3, [c] + c0 is an immediate extension of c0. Let E be a maximal immediate
extension of [c] + c0, contained in l∞. By Proposition 1, E is a maximal immediate extension
of c0. Suppose that x = b − c. Then, supn∈N dist(xn, K ) = dist(x, c0) = r1 but dist(xn, K ) < r
for every n ∈ N ; i.e. (2) is not satisfied. We see that x ⊥ E ; thus, it follows from Proposition 1
that [x] + E is not an immediate extension of c0.
All immediate extensions of c0 contained in l∞ are Hilbertian (see Corollary 3.8 of [3]);
E0, an immediate extension of a linear subspace of l∞ of countable type contained in l∞ is
Hilbertian if and only if maxn∈N |un| exists for every u = (u1, u2, . . .) ∈ E0 (see Theorem 4
of [4]). However, among linear subspaces of l∞K we can easily find an immediate extension of c0
which is not Hilbertian, c0 for instance. Furthermore, taking E , a maximal immediate extension
of c0 contained in l∞, we can find x ∈ l∞K such that [x] + E is not Hilbertian. In the main result,
Theorem 12, we prove that the space [x] + E is Cartesian but not Hilbertian for some x ∈ l∞K .
First, a lemma.
Lemma 11. Suppose that x = (x1, x2, . . .) ∈ l∞K . Assume that xk ∈ K \ K , |xk | > |xk+1|,
dist(xk, K ) = r for every k ∈ N and limk→∞ |xk | = r . If [e1] has an orthocomplement D in
c0 + [x] then
1. there exist λx , λk ∈ K , |λk | ≤ 1 (k = 2, 3, . . .) such that x − λx e1, ek − λke1 ∈ D;
2. for every k = 2, 3, . . . ,x1 − λx + k−
i=2
λi xi
 ≤ |xk+1|.
Proof. 1. Let D be an orthocomplement of [e1] in c0 + [x]. Then, for every z ∈ c0 + [x]
there exists an unequivocally selected λz ∈ K with z − λze1 ∈ D. In particular, there exist
λx , λk ∈ K (k = 2, 3, . . .) for which x − λx e1, ek − λke1 ∈ D (k = 2, 3, . . .). We see that
|λk | ≤ 1 for every k = 2, 3, . . .; otherwise, ek − λke1 is not orthogonal to [e1].
2. Assume the contrary and suppose that there exists k0 ∈ N which satisfies the inequalityx1 − λx + k0−
i=2
λi xi
 > |xk0+1|. (3)
By assumption, we can select a2, . . . , ak0 ∈ K such that
|xi + ai | < |xk0+1|; (4)
thus,
|λi | · |xi + ai | < |xk0+1|. (5)
for i = 2, . . . , k0. Using (3) and (5) we getx1 − λx − k0−
i=2
aiλi
 =
x1 − λx + k0−
i=2
λi xi −
k0−
i=2
λi (xi + ai )

=
x1 − λx + k0−
i=2
λi xi
 > |xk0+1|.
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Hence, applying (4), we obtainx − λx e1 + k0−
i=2
ai (ei − λi e1)
 = max
x1 − λx − k0−
i=2
aiλi
 ,
|x2 + a2|, . . . , |xk0 + ak0 |, |xk0+1|, |xk0+2|, . . .

=
x1 − λx + k0−
i=2
λi xi
 > |xk0+1|.
But then, choosing λ0 ∈ K such that |x1 − λ0| < |xk0+1|, from (4) we obtain

x − λx e1 +
k0−
i=2
ai (ei − λi e1)

+

λx +
k0−
i=2
aiλi − λ0

e1

=
x + k0−
i=2
ai ei − λ0e1

= max |x1 − λ0|, |x2 + a2|, . . . , |xk0 + ak0 |, |xk0+1|, |xk0+2|, . . .
= |xk0+1| <
x − λx e1 + k0−
i=2
ai (ei − λi e1)
 .
Since x − λx e1 +∑k0i=2 ai (ei − λi e1) ∈ D, we obtain a contradiction to [e1]⊥D. 
Theorem 12. Suppose that x = (x1, x2, . . .) ∈ l∞K . Assume that for every k ∈ N
• xk ∈ K \ K ,
• |xk | > |xk+1|,
• limk→∞ |xk | = r ,
• dist(xk, K ) = r > 0,
• for every finite subset {k1, k2, . . . , kn} ⊂ N ∪ {0},
dist(xki , [xk1 , . . . , xki−1 , xki+1 , xkn ]) ≥ r (i = 1, . . . , n), (6)
where x0 = 1.
Let E be a maximal immediate extension of c0 contained in l∞. Then,
1. [x] + E is not Hilbertian;
2. [x] + E is Cartesian.
Proof. 1. Assume the contrary and suppose that [x] + E is Hilbertian. Then, there exists D, an
orthogonal complement of [e1] in [x]+ E . Since [x]+ c0 ⊂ [x]+ E, D0 := D ∩ ([x]+ c0) is an
orthogonal complement of [e1] in [x] + c0. By Lemma 11, there exist λx , λk ∈ K , |λx |, |λk | ≤
1 (k = 2, 3, . . .) such that x − λx e1, ek − λke1 ∈ D0 (k = 2, 3, . . .) andx1 − λx + k−
i=2
λi xi
 ≤ |xk+1| (7)
for every k = 2, 3, . . . .
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Now, we find a subsequence (nk)k ⊂ N for which |λnk | > k−1k (k ∈ N ). Fix k ∈ N (k > 1).
Then, we choose k1 ∈ N (k1 > k) such that
|xk1 | <
k
k − 1 · r. (8)
Consider two cases:
(i)
x1 − λx +∑k1−1i=2 λi xi  = |xk1 |. By assumption and (7),x1 − λx + k1−
i=2
λi xi
 ≤ |xk1+1| < |xk1 |;
thus, we imply that |λk1 | = 1. We take nk := k1.
(ii)
x1 − λx +∑k1−1i=2 λi xi  < |xk1 |. Then, applying (6), we choose k2 > k1 with |x1 − λx +∑k1−1
i=2 λi xi | > |xk2 |. Since
x1 − λx +∑k2−1i=2 λi xi  ≤ |xk2 | by (7), there exists k3 ∈ N (k1 <
k3 < k2) such that
x1 − λx +∑k1−1i=2 λi xi  = |λk3 xk3 |. Then |λk3 xk3 | > |xk2 |; hence, using (8)
we get
|λk3 | >
|xk2 |
|xk3 |
>
|xk2 |
r
k − 1
k
>
k − 1
k
,
since |xk3 | < |xk1 |; we take nk := k3.
By assumption, there exists a sequence (ck)k∈N ⊂ K such that limk→∞ |ck − x1| = r and
(B(ck, |ck − ck+1|))k∈N is a centered sequence of closed balls in K with an empty intersection.
Without loss of generality, we can assume that |ck −ck+1| > |ck+1−ck+2| (k ∈ N ) and for some
k0 ∈ N
|ck − ck+1| < k − 1k + 1 |ck−1 − ck |
if k > k0. Then, for k > k0
|λnk−1| · |ck − ck+1| ≤ |ck − ck+1| <
k − 1
k + 1 |ck−1 − ck |
<
k − 1
k
|ck−1 − ck | < |λnk | · |ck−1 − ck |;
thus,
|ck − ck+1|
|λnk |
<
|ck−1 − ck |
|λnk−1|
. (9)
Suppose that N0 = {nk : k ∈ N }. Define b′ = (b′1, b′2, . . .) ∈ l∞, taking b′n1 := −c1λn1 , b
′
nk :=
ck−ck+1
λnk
(k = 2, 3, . . .) and b′i = 0 if i ∉ N0. It follows from (9) and Proposition 2.8 of [3] that
[b′] + c0 is an immediate extension of c0. If b′ ∉ E , by Proposition 3 there exists g1 ∈ l∞ such
that b′ + g1 ∈ E and ‖g1‖ ≤ dist(b′, c0) = r . Define b = b′ + g, taking g = g1 if b′ ∉ E and
g = 0 otherwise. By assumption there exist λ0 ∈ K and b ∈ D such that b = λ0e1 + b.
Since (B(ck, |ck − ck+1|))k∈N has an empty intersection, we can find m1 ∈ N such that
(b′1 − λ0) ∉ B(cm1 , |cm1 − cm1+1|). Then, we can easily verify that
|b′1 − λ0 + cm1 | = |b′1 − λ0 + cn| > |cm1 − cm1+1| (10)
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for all n > m1(n ∈ N ). Next, we find m2 ∈ N for which
|cm2 − cm2+1| ·
m2
m2 − 1 < |cm1 − cm1+1|.
Hence,
|b′n p | < |b′nm2 | =
|cm2 − cm2+1|
|λnm2 |
< |cm2 − cm2+1| ·
m2
m2 − 1 < |cm1 − cm1+1| (11)
for every p > m2.
Since
b −
m−
k=1
b′nk (λnk e1 − enk ) = b′ + g − λ0e1 −
m−
k=1
b′nk (λnk e1 − enk )
= g + (b′1 − λ0 −
m−
k=1
b′nkλnk )e1 + b′nm+1enm+1 + b′nm+2enm+2 + · · ·
= g + (b′1 − λ0 + c1 − (c1 − c2)− · · · − (cm − cm+1))e1 + b′nm+1enm+1
+ b′nm+2enm+2 + · · ·
= g + (b′1 − λ0 + cm+1)e1 + b′nm+1enm+1 + b′nm+2enm+2 + · · · ,
taking m0 > max{m1,m2}, from (11) and (10) we get

b −
m0−
k=1
b′nk (λnk e1 − enk )

− (b′1 − λ0 + cm0+1)e1

= ‖g + b′nm0+1enm0+1 + b
′
nm0+2
enm0+2 + · · · ‖ = maxm>m0 |b
′
nm |
< |cm1 − cm1+1| < |b′1 − λ0 + cm0+1| ≤ ‖(b′1 − λ0 + cm0+1)e1‖,
a contradiction with the orthogonality of D and [e1].
2. Since, by Theorem 3.7, and Propositions 3.1 and 3.3 of [3], E is Cartesian, it is enough
to prove that for every finite-dimensional linear subspace F ⊂ E there exists xF ∈ F such that
‖x − xF‖ = dist(x, F).
Suppose that dim(F) = n. Choose an orthonormal base (vi )ni=1(vi = (v1i , v2i , . . .)) of F . By
Proposition 2.8 of [3] and the assumption of orthogonality, for every i ∈ {1, . . . , n} there exists
ki ∈ N such that ‖vi‖ = |vkii | and ki ≠ k j if i ≠ j . Furthermore, we can choose (vi )ni=1 such
that for each i = 1, . . . , n we have
v
ki
j =

1 if i = j
0 if i ≠ j ( j = 1, . . . , n).
Taking a1, . . . , an ∈ K we getx − n−
i=1
aivi
 = max

max
i∈{1,...,n}
|xki − ai |, sup
m∈N\{k1,...,kn}
xm − n−
i=1
aiv
m
i


. (12)
By (6), for every m ∈ N \ {k1, . . . , kn},xm − n−
i=1
vmi xki
 > r.
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Suppose that
d := sup
m∈N\{k1,...,kn}
xm − n−
i=1
vmi xki
 (13)
and assume that for every i ∈ {1, . . . , n},
|xki − ai | < d.
Thus, there exists ε > 0 such that
max
i∈{1,...,n}
|xki − ai | = (1− ε) · d
and
|(xki − ai )vmi | ≤ (1− ε) · d
for every i ∈ {1, . . . , n} and m ∈ N \ {k1, . . . , kn}. Hence, for every m ∈ N \ {k1, . . . , kn} we
get
n−
i=1
(xki − ai )vmi ≤ (1− ε) · d. (14)
Note that by (13), there exists m0 ∈ N \ {k1, . . . , kn} withxm0 − n−
i=1
v
m0
i xki
 > (1− ε) · d (15)
and observe that taking m ∈ N \ {k1, . . . , kn} we getxm − n−
i=1
aiv
m
i
 =
xm − n−
i=1
vmi xki +
n−
i=1
(xki − ai )vmi
 ;
hence, by (14) and (15),
sup
m∈N\{k1,...,kn}
xm − n−
i=1
aiv
m
i
 = supm∈N\{k1,...,kn}
xm − n−
i=1
vmi xki
 = d.
Now, applying (12) we conclude thatx − n−
i=1
aivi
 = supm∈N\{k1,...,kn}
xm − n−
i=1
aiv
m
i
 = d.
Consequently, there exist a1, . . . , an ∈ K such that
dist(x, F) =
x − n−
i=1
aivi
 .
This shows that E + [x] is Cartesian. 
Remark 13. Note that a valued field K and its spherical completion K for which the condition
(6) is satisfied exist; for instance there is C p, a completion of an algebraic closure of the field of
p-adic numbers Q p (see Proposition 2.12 of [2]).
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The following observation is worth mentioning.
Proposition 14. Let E0 be a maximal immediate extension of c0 contained in l∞ and suppose
that x = (x1, x2, . . .) ∈ c0 \ E0. Assume that dist(x, E0) = dist(x, c0) = r and write
N0 = {k : dist(xk, K ) = r}. If N0 is nonempty and finite, then E0 + [x] is not Cartesian.
Proof. Take k ∈ N \ N0. Then, dist(xk, K ) < r and we can find ak ∈ K , |ak | = |xk | which
satisfies |xk − ak | ≤ r . Define y = (y1,y2, . . .) ∈ l∞, taking yk = 0 if k ∈ N0 and yk = ak
otherwise. By Proposition 3, there exists z = (z1,z2, . . .) ∈ E0 such that |zn − yn| ≤ r for all
n ∈ N . Suppose that F = [(ei )i∈N0 ]. Then, for any λk ∈ K (k ∈ N0) we obtain(x − z)− −
k∈N0
λkek
 = maxk∈N0 |xk − λk | > r = dist(y − x, F)
and conclude that [x − z] + F has no orthogonal base. 
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